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A Stochastic Theory of Chemical Reaction Rates.
II. Applications
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A formalism developed for the treatment of chainlike models of reaction
dynamics is applied to simple reacting systems and generalized to treat a
reaction with a branching process. The models can be solved exactly, and the
overall rates of the reactions are studied as a function of the rates arising from
different dynamical regimes involved in the microscopic mechanisms.
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1. INTRODUCTION

Even for a superficially simple reaction like an isomerization between A
and B species, the reaction dynamics often involves several different kinds
of molecular motion; for example, the interconversion process may entail
passage over a potential barrier and relaxation of a newly-formed species
to its ground-state form. In the description of such processes it is
convenient to focus on the dynamics of the system along a reaction
coordinate; the behavior of this reactive degree of freedom may be complex
due to its coupling to other degrees of freedom, like internal molecular or
solvent motions. Except in the case of model systems where molecular
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dynamics computer simulations are possible, the precise nature of the
influence of bath degrees of freedom on the reaction coordinate is not
known; hence, it is useful to model the dynamics by a stochastic process,
which ignores many of the details of the bath motion and concentrates
instead on its statistical properties.

In this paper we study a number of stochastic models of barrier-
crossing dynamics as an application of the general formalism developed in
the preceding paper, hereafter referred to as 1.1 All of the reactions can be
imagined as occurring between species defined by potential wells separated
by barriers in a reaction coordinate. Both the activation and deactivation
mechanism in the well regions as well as the dynamics on the barrier are
assumed to be simple stochastic processes: activation and deactivation
within the wells occurs by “collisions” with exponentially-distributed colli-
sion times, while the barrier dynamics is a random telegraph process’
where the velocity changes sign with exponentially-distributed waiting
times. While these stochastic processes are highly idealized and may not
capture all features of real reaction rates, they have the advantage that they
are exactly soluble and show how various regimes of different dynamical
behavior couple and contribute to the overall rate of a reaction.

Three models are studied below: the first two are chainlike in
character and the formalism of I can be applied directly; the results for
these models are presented in Sections 2 and 3. The third model involves
a branching process among three species and requires a generalization of
the method; this calculation is presented in Section 4.

2. CROSSING OF A SIMPLE BARRIER

2.1. Model and Dynamics

As a first illustration of the general formalism presented in I, we
calculate the rate coefficient for the interconversion between two species A4
and B separated by a flat barrier of length L. The time evolution of the
model is simple and can be described by the motion of a “particle”
representing the dynamics of the reaction coordinate subject to the
following collision processes resulting from its coupling to the other degrees
of freedom of the system: When the particle is in the barrier region [0, L],
it has speed 4 v, where the sign changes at stochastic times exponentially
distributed with frequency Z; this is a random telegraph process. When the
particle arrives in O it has speed —v, and there is a time 7, such that if

>See Kac® (based on 1956 notes from the Magnolia Petroleum Company colloquium
lectures).
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there is no collision (with collision frequency Z,) in the time interval
[0, 7], the particle is reflected and stays in O with the reverse speed +v.
On the other hand, if there is a collision in [0, ], the particle stays in
state A forever (absorbing state). When the particle is in 0 with speed +v
it begins its random telegraph process in the barrier region. If the particle
arrives in L with speed +v, the mechanism is the analog of that in 4, with
a time 7 and collision frequency Z.

A schematic representation of this model as a double-well potential
problem is shown in Fig. 1; its full dynamics was studied earlier,’® but we
show here that the general formalism of I provides a simple and direct
route to the rate constant, and we give a physical interpretation of the
overall rate constant in terms of partial rate constants for the various
dynamical regions.

We can interpret this model in the framework of the general chainlike
models in the following way: The regime X, contains three states,
Xo={A4",0%,0}, where 4~ is identified with the stable 4 species, which
is taken to be an absorbing state. In the case of a reactivation mechanism
from the “bottom of the well,” a fourth state 4* could be added to X,.
Similarly, the regime X, contains three states, X, = {L*, L™, B*}, where
B™ is the stable (absorbing) B species. Again, B~ could be added if there
is a reactivation process in B. The regime X,;=[0,L]x {1, —1} is the
phase space of the barrier region [0, L] with two possible speeds.

2.2. The Overall! Rate Constant k

We can use Egs. (1.3.8) and (1.3.9) directly to compute the rate
constant k characterizing the interconversion process. Taking the dividing
surface at 0, we can calculate k =k by letting O=4, i=0, n=i+1=1L,
and #n+ 1 = B in these formulas, and obtain

Lt
ko kgy ko kip

(2.1)
1 1 1

and

1 qA<1 ) 94 qA(l ) qA(l )

=1+ ——1 |+ =——1 2.2)

k  vgo\Soq vgo  vq0 \SoL g0 \S 1z (
where S, is the transmission coefficient defined in I and we have taken
qo=4q.-
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It is not difficult to compute the required transmission coefficients. By
definition, S, 4 is the probability that the particle starting from 0~ at time
t=0 is absorbed by A~ at some time; this is exactly the probability to
have a collision in the time interval [0, t,]. For exponentially distributed
collisions with frequency Z ,, the probability to have no collision in [0, 7]
is exp(—Z 7 4), so that

Sou=1—exp(—Z,1,) (2.3)
By a similar argument we have

Sipg=1—exp(—Zz13) (24)

It is interesting to note that we can use the general formalism of
Part I, even to compute S,,. We divide the barrier region [0, L] into a
sequence of small segments

[0, L]1=[0,4X]u[4X,24X]0 --- v [(n—1)4X,n4X]

with n AX = L. Inside each segment [ j 4X, (j+ 1) 4X7] the particle starting
from j AX with speed 4+ v is transmitted to (j+ 1) 4X if no collision occurs
during the time (4X)/v, and reflected back to j AX if there is one collision.
Neglecting (4X)? terms, we get

aX

SjAX, G+ ax = 1 —ZT=S(j+1)AX,jAX

This implies that in the barrier ¢;=g¢;,, and by Eq. (1.2.12)

1 ! 1 ol ZAaXv!
R <————~1)= ZAXe. s
Sor Z Siax, j+1)ax j;O 1-ZAXv™! (3)

j=0 J

so that

S0L=<1+%>1 (2.6)

Of course, there are other, more standard ways to obtain (2.6), using well-
known information on the random telegraph process (see, for instance,
ref. 2).

Using these expressions for the transmission coefficients S, we can
write Egs. (2.1) and (2.2) for k in a physically transparent form. First, we
can identify kST as the transition state theory (TST) rate constant for
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crossing the barrier and thus the TST rate constant k™8T for the overall
reaction:

v
T = g IsT = o7 (27)

q4

The partition function ratio ¢,/q , is just

go/q.=e "Fjvt, (2.8)

where E, is the activation energy from the 4 well bottom; the factor vt ,
arises from the fact that 0 is a point while the A well has a finite length vt ,
(cf. Fig. 1 and the final remark in Section 1.3.1). Thus, the TST rate
constant is

1
kTSt = p=FE4 2.9)
Ta

In this simple model, 7' also represents an attempt frequency at the
barrier. The effective rate constant k&% in Eq. (2.1) can be interpreted as an

activation rate constant for well A4:

1 -1 —BEy4 e p—Zat4
kaVVC(,A=kaf1=vq0< 1) =e (1 _eZATA > (210)

94 \Sos Ta e

B

Fig. 1. Schematic representation of a simple barrier-crossing model involving interconver-
sion of 4 and B species connected by a barrier of length L. The states A’ and B’ represent
excited states in each well; when the system is in these states it may return to the barrier
region or be deactivated and form stable 4 or B species.
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A deactivation rate constant from energies at the level of O can be defined
from the detailed balance relation

deact __ j,act eq.. __ J-act q_A
kiyid =k Kita=k 4 <q Ta

0

1 [1—e %44
==\ (2.11)

T4\ e

[The factor of 7, appearing in the first line of Eq. (2.11) accounts for the
finite length of the 4 well at its top.] A similar set of the rate constants can
be defined for well B with the replacement of 4 by B in Egs. (2.10) and
(2.11) and are related to the term involving S, in Eq. (2.2).

Finally, the effective rate constant k&, for the barrier involving Sy, is
a rate constant for diffusive motion in the barrier region, defined as

1 -1 v
kbarr — keff :% <_____ 1> — kTST _
P oL 94 \Sor ZL
D

— TST }
— (2.12)

where the identification of the diffusion coefficient D is made from a
consideration® of the random telegraph equations in the diffusion limit
where v— 0, Z— o, and D=0v*/Z is fixed. Recall that Kramers’
formula™ for the rate constant k*® for barrier crossing dynamics in the
strong friction or diffusive limit has the form k%% = kT5Tw, m/{, where w, is
the barrier frequency and { the friction coefficient. Equation (2.12) is just
of this form if we relate the diffusion coefficient to the friction coefficient by
the Einstein relation® D =k,T/{ and identify kzT/mvL with the barrier
frequency.

In terms of the partial rate constants just described, we can write & in
the form

1 4 1 " 1 1
k?/]/Ct,A kTST klz’arr K;Lk?;'t,a'

(2.13)

bl Moy

where K3, is the A = B equilibrium constant ¢/q ,.

2.3. Discussion of k

Equation (2.13), which has the general form originally derived via SSP
theory>® and applied to isomerization reactions,® expresses the additivity



Stochastic Theory of Chemical Reaction Rates. !l 901

of the reciprocal rate coefficients characterizing the various regimes. First,
k' 4> Eq. (2.10), governs the activation from the reactant 4 up to the
barrier. Next,

1 1 1

=g+
TST barr
k barr k k D

(2.14)

governs the motion in the barrier region. If this is very slow, then
kbarr - k%arr_

Finally, Kg} k% 5 governs the rate of the stabilization to form B after
the barrier passage. It is perhaps most natural to consider this a deactiva-
tion step. In terms of the deactivation rate constant

kdeac — (1 —e ngg)/T e—ZBfE

one has
_ g5 0qo (1 —e%5%5)
44 4qp Tge P

_ kTST’L' kdeact

eq j.act
KBAk w, BT

(2.15)

This is most readily interpreted by considering Eq. (2.13) when activation
out of 4 and diffusion across the barrier are fast and deactivation in B is
very slow. Then we have

1 1
k kTST Bkdeact

(2.16)

or k=k"Trzk$?. Then the k™57 factor describes the rate constant for
arriving over the B well (containing the activation energy factor e ~#%4) and
the factor

_ ,—Z578
kdeact 1 €
Tp T Zpis

(2.17)

p—ZB78

gives the probability of deactivation.

Under ordinary circumstances, the well activation and deactivation
contributions will only be of importance when these steps are slow, e.g., at
low to moderate density; otherwise the barrier passage is rate limiting
and k%, and Kz k%', drop out of k. At such densities, the collision
frequencies will be low enough that Z, 7, and Zyt, are both much less
than unity. Then we have, for example,

[ —e 244

—Zyt4

k*;;ff( >e~ﬂEA—>ZAe-ﬂEA (2.18)

T €
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which is the standard form of a “strong-collision” activation rate
constant.>"®) For a symmetric isomerization (E = Eg, Z = Zp, etc.), use
of this in Eq. (2.13) gives

2 1t
e

1
hul 2.19

% (2.19)
where k3 = Ze ~#£ . This expression®'? has recently been found to fairly
accurately describe the rate of a model isomerization in a BGK stochastic
computer simulation.!?)

3. CROSSING OF A BARRIER WITH SEVERAL CHANNELS

It is not difficult to extend the simple barrier-crossing model of
Section 2 to allow for the possibility that there are several channels
connecting the A and B states. This could, for example, serve to model
certain structural effects in an isomerization, in which barrier passage
occurs with different internal configurations of the isomerizing species.
Other examples can be imagined in which the reacting species encounters
different medium (e.g., solvent) configurations on the way to products.

We suppose that there are r channel states having common extremities
0 and L but possibly of different length. When the particle starts at 0 with
speed +u, it chooses channel j with probability p;, while if it starts from
L with speed —uv it chooses channel j with probability p;; subsequent to
the choice it begins a random telegraph motion in the jth channel. If a
particle in channel j arrives at 0 with speed —uv, it goes into regime X,
where it may be deactivated or return to 0*, where the same mechanism
as in Section 2 operates. This reaction model is depicted symbolically in
Fig. 2. We take q,=g¢,.

The definitions of the regimes X, and X, are unchanged from
Section 2, and the regime X, will be described in terms of the four states
X, ={0*",0",L*, L} The formal expression for the rate constant is
identical to that Eq. (2.2); however, S, is different from Eq. (2.6). S, is
the probability that the particle is absorbed by L*, knowing that it started
from 0" (with speed +v). But, starting from 0¥, the probability of
choosing channel j is p; and in channel j there is a probability S/} (L, is
the length of channel j) to be absorbed at the other end of the channel.
Trajectories coming back to 0~ are not counted, since this is an absorbing
state for X,. Then, we have

Sor=Y, ij((),j)L,- (3.1)

i=1
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0 L

>\
~ oo ene PO

B

Fig. 2. Model with r barrier channels connecting wells 4 and B.

and in the same way

Swo=Y. p}S¥), (32)

j=1

We may then write k = kg5 as

1_1+1+1+1 (33)
ko ki, KTST e KK,
where
1 1
_ EQ;(——A) (34)
kbar gov \SoL

Thus, the only difference between Eq. (3.3) and (2.13) is the replacement of
k%™ by a new diffusive barrier rate constant k5™ that takes into account
averaging over the possible channels. The new rate constant %™ can be
shown to have a simple additive form. With Egs. (3.4), (3.2), and the

analogue
Z L\ !
SOQL/:(I +—jv—’) (3.5)
of Eq. (2.6), we find that

EtgarrszST Z %Dj/ULj (36)
f=1

J
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where D,=v*/Z, is the diffusion constant in channel j and

p;(1+ Dj/vLj)71
>, p;(1+D;/vL)"!

P= 3.7)

is an effective probability for channel j. Equation (3.6) has the property
that if diffusion in a particular channel i is much faster than in the others,
it will dominate the rate, i.e., k%™ — k™5T(D,/vL;). This reflects the fact that
the channels j are parallel routes across the barrier.

4. MODEL WITH TWO CHANNELS AND THREE WELLS

While the formalism in I is restricted to chainlike models, it is
nonetheless possible to use similar ideas to treat a broader class of
problems. Branching processes frequently arise in the study of reaction
mechanisms, and it is of interest to study microscopic models that incor-
porate such a feature.”'"'?) As an example, we compute the rate constant
for a system of three species denoted S, 4, and B, which are coupled by
two barriers: S and 4 are connected by the barrier [0, L], S and B are
connected by the barrier [0, L], while 4 and B are not directly coupled
to each other; they are coupled only through S. The schematic picture is
given in Fig. 3.

The dynamical evolution is as follows: the deactivation mechanism in
the wells is exactly the same as in the other models, with (Z,, 1),
(Zg, 1), and (Zg, 1) the collision frequencies and characteristic times for
each well. When the particle arrives at 0* (with speed +v) it chooses
barrier [0, L,] with probability p, and barrier [0, L] with probability
pg and once it has chosen a barrier it begins a random telegraph process
with collision frequency Z , or Z in the barrier region. It can then arrive,
say, at L and become deactivated or come back in L. If it arrives in 07,
it can become deactivated and fall in S or come back to 0.

The model is not chainlike, because there is a bifurcation point at 0;
in fact, the point 0% has to be split into two points 0} and 05, which are
phase points corresponding to the particle with speed + v at the beginning
of the barrier leading from 0 to 4 or 0 to B, respectively. There are five
dynamical regimes in this model: Xz={S~,S*,07,0},0; }, where S~ is
identified with the bottom of well S; X,={4", 4=, L}, L]} and
Xgz={B*, B~, L}, Lg}, where A" and B™ are identified with the
bottoms of wells 4 and B, respectively; and X, = [0, L] x {+v, —v} and
Xop=1[0, L] x {+v, —v}, the phase space regions corresponding to the
two barriers. In the above specification we have made the identification
0;,=0,=0".
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Ly g Bf

Fig. 3. (a) Schematic picture of the branching model involving two barriers and three wells.
(b) Representation in terms of the states of the stochastic model.

4.1. Rate Constant Calculation

Consider a regime X, and define S,(k|/) to be the transmission
coefficient or probability to be absorbed by k at some time, starting from
I, and staying inside X,,. For region X, with absorbing states 0, 05, and
S, we may define the transmission coefficients So(S~]07), So(05 {07},
and S,(07 |07). It is clear that

So(05107)=p (1 =5,(S7107)) (4.1)
and

So(05107)=ps(1—So(S107)) (4.2)
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Next, we define a regime X, to be a union of the other regimes, X, =X, u
X5 X4 U Xop. This regime has absorbing states 07, 4%, and B*, and we
define the transmission coefficients S,(4*{0F), Sy(B"|0}f), and
S./(07107), and an analogous set of quantities with 4 > B and B— 4.
Note that S,(B*|07)=0, since the barrier [0, L,] cannot communicate
with [0, Lg] inside X, except through 0, which is absorbing for X;
thus, 1 — S, (47 10F)=S,(07|07).

Let P(A™", co|!) be the probability to be absorbed by 4™ at some
time, starting from /=07, 07, or 0, the evolution taking place in the
whole system X,u X,. The flux of particles absorbed at 4+, measured at
0, may be written in terms of these probabilities as

(0, A)=v[p P(A", 0[07)+ psP(4™, 0|05)—P(47,0]07)] (43)

This flux definition is the analog of that introduced for the chainlike
models. The rate constant k , =k, for the production of 4 from reactant
S can be expressed in terms of this flux as

k= z—“’ ®(0, 4) (4.4)

An analogous expression can be written for the rate constant characterizing
the production of B.
Next, we outline the calculation of &(0, 4). We may write

P(A",00]07)=S8,(A7]07)+P(4*,0]07)S5;(07]0F)  (4.5)
P47, 0|05)=P(47,0[07)S5,(07]05) (4.6)

P47, 00|07 )=P(4", 0|07)Ss(07]07)
+P(A",0]05) So(05107) (4.7)
These equations follow directly from the definitions of the quantities; for
example, to establish Eq. (4.5), we can say that the probability to go from
07 to A% splits into the probability to go from 0} to 4™ without leaving
X(S,(A4%]0})), and the probability to go from O} to 4* when the

particle leaves X, and enters X, (X, is entered through state 07).
Equations (4.5)-(4.7) may be manipulated to yield

P47, 0[07)=[p,P(47,0[07)+ppP(4", 0|05)1[1 =SS~ [07)]
(4.8)
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and
[p4P(AY, 0]0])+ppP(AT, 0|05)]7"
=[pSAT05)]  {1-[1-Sx(S7107)]
x[p4Si(07107)+ ppS(07105)]1} (4.9)

Substitution of Eqs. (4.8) and (4.9) into (4.3) yields

L g 1

k. 4qo®(0, A)

_;fs_< 1)+i_f£ 1
qov \So(S7[07) P4q00 S {AT|0])
+p._B s ! ( L _
Pagov S{(ATI07I\S(ST107)

1) S{BT10})  (4.10)

where we have used the fact that 1—S,(B¥[0)=58,(0"{0F) and
Patpp=1

The transmission coefficients may be expressed in terms of the rate
coefficients defined in Section 2. The activation rate constant for well .S is
given by

1 qs< 1 )
SR, [ (S 4t
Ko g0 \So(5 07 @11

Si(A707) is also simply related to the rate constants introduced earlier
by

| - T TE

vg, S{(AT107) vgqq, SOALA 040 Vo \Sr1 44
1 1 K@ 1
zkt;1:2+kTST+K2¢?gk$V<:t,A (412)

where K3 =gq,/q, and K5} =¢,/qs. There is an analogous expression for
S;(B*]04), which has the form of Eq. (4.12) with 4 replaced by B. Using
these results, we may write k ;' as

111 peky 1

kz;chS Pkl PAkIAk?f/fs

(4.13)

1
k.4
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where

L1 K1

1
rm arr+ € act ? OC=A, B (414)
k, kpu kTT KAk,

The k; are the rate constants for independent production of either A4 or B
subsequent to activation out of the reactant well. We may write Eq. (4.13)
as

_ Pakly
L+ (paky+ pekip)/ksy s

(4.15)

k4

This expression clearly shows the influence of the B channel on the rate
constant for the passage from O to A. In the absence of the second channel,
pp=0 and p, =1, and the results is identical to Eq. (2.13) for a single-
channel reaction; however, the presence of channel B influences the
dynamics, since particles can explore this channel before being absorbed by
A; this leads to a reduction of the rate constant for the S - A4 reaction.
Finally, the generalization of Eq. (4.15) to any number of products is
obvious.

5. CONCLUSION

The calculations presented in this paper demonstrate how the overall
rate of a reaction depends on the rates of passage through intermediate
regimes on the way from reactants to products. The simplicity of the
assumed stochastic model, along with the general formalism developed in
I, permit a detailed investigation of this connection between the
microscopic dynamics and the macroscopic rate law. The calculations also
show that a variety of processes, including branching mechanisms and
interactions among several channels, can be treated by this formalism.

For the chainlike models the explicit calculations of the stochastic
process yield a simple addition formula for the reciprocals of the rate
constants; this is a direct consequence of the formalism developed in I. The
calculations of the rate constant for the branching process show that this
simple type of law can break down when nonconsecutive steps are intro-
duced in the microscopic mechanism. Nonetheless, related addition
formulas can be found.

The random telegraph process used in these calculations is a
simplification of the stochastic dynamics of a reaction coordinate of a real
system; however, its simplicity allows a direct calculation of the rate
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constants for the various regimes, and the physical content of the theory
can be illustrated without lengthy calculations. The stochastic processes
that occur in the different regimes depend on the specific system under
study. The main advantage of the formalism presented here is that the
possibly complex stochastic motion in the full system can be analyzed in
terms of processes occurring in dynamically distinct regimes; the explicit
calculations presented here demonstrate this point.

It is worth noting that there is another class of rate processes where
the methods developed in these papers could be applied. These are noise-
induced transitions between macroscopic bistable states in far-from-
equilibrium chemical systems.!® The evolution equations are stochastic
versions of the macroscopic rate laws. These transitions may involve
barrier-crossing dynamics, and dynamically distinct regimes may be iden-
tified. If the transition rate is driven by externally applied noise, then the
choice of stochastic dynamics can be controlled by the investigator and it
is possible to implement a Poisson-dichotomous noise process like that
considered in these model calculations. Thus, while our calculations have
largely heuristic value for the study of microscopic reaction kinetics, they
may be of direct value for other types of rate process.

ACKNOWLEDGMENTS

This work was supported in part by grants from the Natural Sciences
and Engineering Research Council of Canada (R.K.), the donors of the
Petroleum Research Fund administered by the Americal Chemical Society
(RK., J.T.H.), and the National Science Foundation, grants CHE84-19830
and CHER8-07852 (J.T.H.).

REFERENCES

1. B. Gaveau, J. T. Hynes, R. Kapral, and M. Moreau, A stochastic theory of chemical
reaction rates. I. Formalism, J. Stat. Phys., this issue, preceding paper.
2. M. Kac, Rocky Mountain Math. J. 4497 (1974); see also B. Gaveau, T. Jacobson, M.
Kac, and L. S. Schulman, Phys. Rev. Lett. 53(5):419 (1984).
. D. Borgis, B. Gaveau, and M. Moreau, J. Stat. Phys. 45:319 (1986).
. H. A. Kramers, Physica 7:284 (1940).
. S. H. Northrup and J. T. Hynes, J. Chem. Phys. 73:2700 (1980); R. F. Grote and
J. T. Hynes, J. Chem. Phys. 73:2715 (1980).
6. J. T. Hynes, in Theory of Chemical Reaction Dynamics, Vol. 4, M. Baer, ed. (CRC Press,
Boca Raton, Florida, 1985), p. 171.
7. J. Troe, in Physical Chemistry, an Advanced Treatise, Vol. 6B, H. Eyring, W. Jost, and
D. Henderson, eds. (Academic Press, New York, 1975).

[T )

822/56/5-6-23



910 Gaveau et al.

8. J. L. Skinner and P. G. Wolynes, J. Chem. Phys. 69:2143 (1978).

9. M. Borkovec and B. J. Berne, J. Phys. Chem. 89:3994 (1985).

10. J. E. Straub, M. Borkovec, and B. J. Berne, J. Chem. Phys. 89:4833 (1988).

11. R. D. Levine and R. B. Bernstein, Molecular Reaction Dynamics (Oxford University Press,
Oxford, 1974).

12. S. W. Benson, The Foundations of Chemical Kinetics (McGraw-Hill, New York, 1960).

13. R. Kapral and E. A. Celarier, in Noise in Nonlinear Dynamical Systems, P. V. E.
McClintock and F. Moss, eds. (Cambridge University Press, Cambridge, 1988).



